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IDENTITIES AND CENTRAL POLYNOMIALS OF REAL
GRADED DIVISION ALGEBRAS
DIOGO DINIZ, CLAUDEMIR FIDELIS, AND SE´RGIO MOTA
Abstract. Let A be a finite dimensional real algebra with a division grading
by a finite abelian group G. In this paper we provide finite basis for the TG-
ideal of graded identities and for the TG-space of graded central polynomials
for A.
1. Introduction
Let K be a field and A = ⊕g∈GAg a K-algebra graded by the group G, the
set of graded polynomial identities for A is an ideal of the free G-graded algebra
K〈XG〉 invariant under graded endomorphisms, such ideals are called TG-ideals.
A central problem in the theory of algebras satisfying polynomial identities (p.
i. algebras) is the Specht problem on the existence of a finite basis for the ideal
of identities for any algebra in a given class (Associative, Lie, Jordan, etc.). This
problem was solved by A.Kemer [14] for (ungraded) associative algebras over a field
of characteristic zero. The corresponding result for p.i. algebras graded by a finite
group G was proved by I. Sviridova [20] (for abelian groups) and by E. Aljadeff
and A. Kanel-Belov [1]. Explicit finite basis are known in a few cases only, for the
(ungraded) identities of the matrix algebra of order 2 a finite basis was determined
by Yu. P. Razmyslov [16], a minimal basis was latter obtained by V. Drensky [11].
A polynomial in K〈XG〉 is a graded central polynomial for A if the result of every
admissible substitution is a central element. The set of central polynomials for A is
a subspace of K〈XG〉 invariant under graded endomorphisms, such subspaces are
called TG-subspaces. Central polynomials play an important role in p.i. theory, we
refer the reader to [12], [13] for more details and applications.
In his study of projective planes M. Hall proved that a division algebra for which
a certain polynomial (the Hall polynomial, see Theorem 4) is an identity is either
a field or a generalized quaternion algebra over its center. Latter I. Kaplansky
generalized this result and proved that the conclusion holds if the division algebra
satisfies any polynomial identity. Division gradings on simple real finite-dimensional
algebras were classified by Yu. Bahturin and M. Zaicev [6] and A. Rodrigo-Escudero
[18]. More generally finite-dimensional graded division algebras over the field of real
numbers were recently classified in [7]. In this paper we provide finite basis for the
TG-ideal of graded identities and the TG-space of graded central polynomials for
the graded division algebras in [6], [18] and [7].
If an algebra has a division grading, with support G, such that the component
associated to the neutral element is one dimensional then every component is one
dimensional. In this case homogeneous elements commute up to a scalar and the
G-grading is regular (see Definition 1). The division algebras in [6], [18] and [7]
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are either regular, the tensor product of an algebra with a regular grading and a
basic algebra (presented in sections 4.1 and 5.1) or a complex division grading on
a matrix algebra over C viewed as a real algebra (Pauli grading). In [10] a basis
for graded identities of the tensor product of a graded algebra A and an algebra
with a regular grading is obtained from a basis for the graded identities for A. In
Section 3 we prove the analogous result for graded central polynomials, we remark
that a particular case of this result was proved in [3]. Therefore a basis for the
graded identities and central polynomials of the tensor product division algebras
is obtained once a basis for the basic algebras is known. For most of the basic
algebras such basis are known, in sections 4.2.2 and 5.1 we obtain the description
for the remaining basic algebras. In Section 4.3 we consider the Pauli gradings that
are not regular.
2. Preliminaries
Let K be a field of characteristic zero, G a group with identity element e. A
grading by the group G (or a G-grading) on the vector space V is a decomposition
Γ : V = ⊕g∈GVg. Let Γ′ :W = ⊕h∈HWh be an H-graded vector space, a morphism
of graded vector spaces is a linear map f : V →W such that for every g ∈ G there
exists h ∈ H such that f(Vg) ⊆Wh. If f has an inverse which is also a morphism of
graded vector spaces we say that the gradings Γ and Γ′ are equivalent. A G-grading
on an algebra A is a grading on A as a vector space, Γ : A = ⊕g∈GAg, such that
AgAh ⊆ Agh for every g, h in G. The subspaces Ag are called the homogeneous
components of A. An element a ∈ ∪g∈GAg is called a homogeneous element, if a is
non-zero there exists a unique g ∈ G such that a ∈ Ag, this element is called the
degree of a (in the G-grading) and denoted degG (a). The support of Γ is the set
supp Γ := {g ∈ G | Ag 6= 0}. Let Γ
′ : A = ⊕h∈HAh be another grading by H on
A, we say that Γ′ is a coarsening of Γ if for every g ∈ G there exists h ∈ H such
that Ag ⊆ Ah. Let Γ : A = ⊕g∈G and Γ′ : B = ⊕h∈HBh be algebras graded by
the groups G and H respectively. The gradings Γ and Γ′ are equivalent if there
exists an isomorphism of algebras ϕ : A → B that is an equivalence of graded
vector spaces. The graded algebras A and B are weakly isomorphic if there exists
a group isomorphism α : G→ H and an algebra isomorphism ϕ : A→ B such that
ϕAg = Bα(g) for every g in G. If G and H are the supports supp A and supp B,
respectively, and if the grading Γ is strong (i.e. AgAh = Agh for every g, h ∈ G)
then the gradings Γ and Γ′ are equivalent if and only if they are weakly isomorphic
(see [7, Section 2]). The tensor product A ⊗ B has a canonical G × H grading
where (A⊗ B)(g,h) = Ag ⊗ Bh. The (graded) algebra Γ : A = ⊕g∈GAg is a graded
division algebra (or Γ is a division grading on A) if A has a unit and every non-zero
homogeneous element is invertible.
We denote by K〈XG〉 the free G-graded algebra, freely generated by the set
XG = {xi,g|i ∈ N, g ∈ G}. This algebra has a natural grading by G where, for any
g in G, the homogeneous component (K〈XG〉)g is the subspace generated by the
monomials xi1,g1 · · ·xim,gm such that g1 · · · gm = g. Let f(x1,g1 , . . . , xm,gm) be a
polynomial in K〈XG〉, an m-tuple (a1, . . . , am) such that ai ∈ Agi for i = 1, . . . ,m
is called an f -admissible substitution (or simply an admissible substitution). If
f(a1, . . . , am) = 0 for every admissible substitution (a1, . . . , am) we say that the
polynomial f is a graded polynomial identity for A. We denote by Z(A) the centre
of A and we say that f is a graded central polynomial for A if f(a1, . . . , am) ∈
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Z(A) for every admissible substitution (a1, . . . , am). We denote by IdG(A) and
CG(A) the set of all all graded identities and all graded central polynomials for A,
respectively. We say that the polynomial f is an proper graded central polynomial
for A if f ∈ CG(A) \ IdG(A), in other words f is G-graded central polynomial but
not a G-graded identity for A.
It is clear that IdG(A) and CG(A) are subspaces of K〈XG〉 invariant under all
endomorphisms of K〈XG〉, such subspaces are called TG-spaces. Moreover, the
set IdG(A) of all graded identities for A is an ideal of K〈XG〉 invariant under
all endomorphisms, such ideals are called TG-ideals. The intersection of TG-ideals
(respect. TG-spaces) of K〈XG〉 is also a TG-ideal (respect. TG-space). A subset
S ⊂ K〈XG〉 generates the TG-ideal IdG(A) (resp. TG-space CG(A)) if it equals the
intersection of all TG-ideals (resp. TG-spaces) in K〈XG〉 that contain S. If G = {e}
we recover the definition of ordinary polynomial identities and central polynomials,
in this case we omit the sub index G and the sub indices that are elements of G
and use the notation K〈X〉 for the free associative algebra and xi for the variables.
We denote [x1, x2] = x1x2 − x2x1 the commutator of x1 and x2. The standard
polynomial of degree n is the polynomial
Sn(x1, . . . , xn) =
∑
σ∈Sn
(−1)σxσ(1) · · ·xσ(n),
where (−1)σ denotes the sign of the permutation σ.
Let A = ⊕g∈G and B = ⊕h∈HBh be weakly isomorphic algebras graded by the
groups G and H respectively and let α : G → H and ϕ : A → B be a group
isomorphism and an algebra isomorphism, respectively, such that ϕAg = Bα(g) for
every g in G. A polynomial f ∈ K〈XG〉 is a graded identity for A (resp. graded
central polynomial) if and only if Φ(f) is a graded identity (resp. graded central
polynomial) for B, where Φ : K〈XG〉 → K〈XH〉 is the isomorphism such that
Φ(xig) = xiϕ(g). Moreover if S is a basis for the TG-ideal IdG(A) (resp. TG-space
CG(A)) then Φ(S) is a basis for the TG-ideal IdG(B) (resp. TG-space CG(B)).
Let Γ : A = ⊕g∈GAg be a G-graded division algebra, the support H = supp Γ is
a subgroup of G and A = ⊕h∈HAh is an H-grading on A. If S ⊂ K〈XH〉 is a basis
for IdH(A) (resp. CH(A)) then the set S ∪ {x1g | g ∈ G \H} is a basis for IdG(A)
(resp. CG(A)).
Remark 1. Henceforth whenever Γ : A = ⊕g∈GAg is a G-graded division algebra
we assume that G = supp Γ.
Next we recall the definition of a regular grading (see [2], [17]).
Definition 1. Let R be an algebra over the field K and
R =
⊕
h∈H
Rh,
a grading by the abelian group H. The H-grading above on R is said to be regular
if there exists a commutation function β : H ×H → K× such that
(P1) For every n and every n-tuple (h1, . . . , hn) of elements of H, there exist
r1, . . . , rn such that rj ∈ Rhj , and r1 · · · rn 6= 0.
(P2) For every h1, h2 ∈ H and for every ah1 ∈ Ah1 , ah2 ∈ Ah2 , we have
ah1ah2 = β(h1, h2)ah2ah1 .
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The regular H-grading on R is said to be minimal if for any h 6= e there exists h′
such that β(h, h′) 6= 1.
In the definition above the commutation function β : H × H → K× is a
skew-symmetric bicharacter, i.e., for every h0 ∈ H the maps h 7→ β(h0, h) and
h 7→ β(h, h0) are characters of the group H and β(h2, h1) = β(h1, h2)
−1 for every
h1, h2 ∈ H . We say that the bicharacter β is non-degenerate if β(h0, h) = 1 for
every h ∈ H implies that h0 = e.
3. Graded Identities and Central Polynomials: From A To A⊗R
Let R be an algebra with a regular grading by the abelian group H and A
an algebra graded by the group G. Our main result in this section, Theorem 2,
provides a basis for the central polynomials of the algebra A⊗R with its canonical
G × H-grading obtained from a basis for the G-graded central polynomials of A
that contains a basis for IdG(A) as a TG-space.
Let g = (g1, · · · , gn) be an n-tuple of elements of the group G. We denote by Pg
the set of polynomials multilinear in the variables x1,g1 , · · · , xn,gn . We fix sequence
h = (h1, . . . , hn) of elements of H . The description of the basis for A ⊗ R is in
terms of multilinear maps φh : Pg → Pg×h, where g× h = ((g1, h1), · · · , (gn, hn)),
introduced in [5]. A permutation τ ∈ Sn, together with h, determines a non-zero
scalar λhτ such that
(1) r1 · · · rn = λ
h
τ rτ(1) · · · rτ(n),
whenever ri ∈ Rhi for i = 1, . . . , n. We define
φh(xgτ(1) ,τ(1) · · ·xgτ(n),τ(n)) = λ
h
τ x(gτ(1),hτ(1)),τ(1) · · ·x(gτ(n),hτ(n)),τ(n),
and extend to Pg by linearity.
Theorem 1. [10, Theorem 5.5] Let R be an algebra with a regular grading by the
abelian group H and let A be any G-graded algebra. If S ⊆
⋃
g∈Gn
n∈N
Pg is a basis, of
multilinear polynomials, for the TG-ideal IdG(A), then the set
S˜ = {φh(f) | f(x1g1 , . . . , xngn) ∈ S, h ∈ H
n},
is a basis for the TG×H-ideal IdG×H(A⊗R).
Let β : H×H → K× denote the bicharacter associated to the regular H-grading
on R. Denote
H ′ = {h′ ∈ H | β(h′, h) = 1 ∀h ∈ H},
it is clear that Rh′ ⊆ Z(R) for every h
′ ∈ H ′. In this section we assume that R has
minimal center in the sense that
(2) Z(R) = ⊕h′∈H′Rh′ .
Remark 2. Let f(xg1,1, · · · , xgn,n) be a multilinear polynomial and h an n-tuple
in Hn. It follows from the definition of the map φh (see [5, Theorem 3.1]) that the
equality
(3) φh(f)(a1 ⊗ r1, · · · , an ⊗ rn) = f(a1, . . . , an)⊗ r1 · · · rn,
holds for every φh(f)-admissible substitution (a1 ⊗ r1, · · · , an ⊗ rn). This implies
that φh(f) is a graded identity for A ⊗ R if and only if f is a graded identity for
A. If equality (2) holds then φh(f) is a proper central polynomial for A⊗R if and
only if f is a proper central polynomial for A and (h1 · · ·hn) ∈ H
′.
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Our next theorem is the analogous result for graded central polynomials. In its
proof we need the following lemma.
Lemma 1. [10, Lemma 5.4]Let f = f(xg11, . . . , xgmm) ∈ Pg, and w1, . . . , wm
monomials in K〈XG〉 such that degG (wi) = gi for each i and f(w1, . . . , wm) ∈ Pk,
for some k ∈ Gn. If h ∈ Hn, there exist h′ ∈ Hm and homogeneous elements
b1, . . . , bm ∈ K〈X |G×H〉 such that φh(f(w1, . . . , wm)) = γφh′(f)(b1, . . . , bm).
Theorem 2. Let A be an algebra with a grading by a group G and let R be an algebra
with a regular grading by an abelian group H, with bicharacter β : H ×H → K×,
such that Z(R) =
⊕
h∈H′ Rh, where H
′ = {h′ ∈ H | β(h′, h) = 1∀h ∈ H}. If
S = S1 ∪ S2 ⊆
⋃
g∈Gn
n∈N
Pg is a basis, of multilinear polynomials, for the TG-space
CG(A) such that S1 generates IdG(A) as a TG-space then the set S˜ = S˜1 ∪ S˜2,
where
S˜1 = {φh(f) | f(xg1,1, . . . , xgn,n) ∈ S1,h ∈ H
n}
and
S˜2 = {φh(f) | f(xg1,1, . . . , xgn,n) ∈ S2,h = (h1, . . . , hn) ∈ H
n, h1 · · ·hn ∈ H
′}
is a basis for the TG×H-space CG×H(A⊗R).
Proof. The inclusion S˜ ⊆ CG×H(A ⊗ R) follows from Remark 2, therefore
〈S˜〉TG×H ⊆ CG×H(A ⊗ R), where 〈S˜〉TG×H denotes the TG×H-space generated by
S. Let f(x(g1,h1),1, . . . , x(gn,hn),n) be a multilinear element of CG×H(A ⊗ R). We
denote g = (g1, . . . , gn) and k = ((g1, h1), . . . , (gn, hn)). It is clear from the def-
inition that the map φh is bijective. This implies that there exists a multilinear
polynomial f ′(xg1,1, . . . , xgn,n) in Pg such that f = φh(f
′). It follows from Remark
2 that f ′ is a graded central polynomial for A. Therefore there exists polynomials
p1, . . . , pn in S, pi-admissible substitutions (w
i
1, . . . , w
i
ki
) and scalars αi such that
(4) f ′ =
n∑
i=1
αipi(w
i
1, . . . , w
i
ki).
Since f ′ and the polynomials pi are multilinear we may assume without loss of
generality that the wik are multilinear monomials. Lemma 1 implies that there
exists hi ∈ Hki , φhi(pi)-admissible substitutions (b
i
1, . . . , b
i
ki
) and scalars γi ∈ K
×
such that
φh(pi(w
i
1, . . . , w
i
ki)) = γiφhi(pi)(b
i
1, . . . , b
i
ki),
for i = 1, . . . , n. It follows from (4) and the above equalities that
(5) f = φh(f
′) =
∑
i
γ′iφhi(pi)(b
i
1, . . . , b
i
ki),
where γ′i = αiγi. If f is a graded identity for A⊗R then it follows from Remark 2
that f ′ is a graded identity for A. In this case we may assume that the polynomials
p1, . . . , pn lie in S1, therefore the polynomials φhi(pi) lies in S˜1 (which is a subset
of S˜) and equality (5) implies that f lies in 〈S˜〉TG×H . Now we assume that f is
not a graded identity for A ⊗ R. Since f is multilinear there exists an admissible
substitution of the form (a1 ⊗ r1, . . . , an ⊗ rn) such that a1, . . . , an and r1, . . . , rn
are homogeneous elements in A and R respectively and f(a1⊗ r1, . . . , an⊗ rn) 6= 0.
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Therefore f(a1⊗r1, . . . , an⊗rn) is a non-zero central element. Equality (3) implies
that
f(a1 ⊗ r1, . . . , an ⊗ rn) = f
′(a1, . . . , an)⊗ r1 · · · rn,
therefore r1 · · · rn is a homogeneous non-zero central element inR of degree h1 · · ·hn.
Since R satisfies the equality Z(R) =
⊕
h∈H′ Rh we conclude that h1 · · ·hn ∈ H
′.
The polynomials p1, . . . , pn lie in S and since h1 · · ·hn ∈ H
′ we conclude that φhi(gi)
lies in S˜ for i = 1, . . . , n. Therefore equality (5) implies that f lies in 〈S˜〉TG×H . 
Note that S = S1 ∪ S2, where S1 = {x1[x2, x3]x4} and S2 = {x1}, is a basis
of multilinear polynomials for the central polynomials of the field K such that S1
generates the identities of K as a T -space. Let R be an algebra with a regular
H-grading satisfying the hypothesis of the previous theorem. The algebra K ⊗ R
with its {e}×H-grading is weakly isomorphic to R with its H-grading. Hence the
previous theorem yields the following:
Corollary 1. Let R denote an algebra with a regular grading by the abelian group
H, with corresponding bicharacter βR : H×H → K
×, such that Z(R) =
⊕
h∈H′ Rh,
where H ′ = {h′ ∈ H | β(h′, h) = 1∀h ∈ H}. The polynomials
(6) x1h, h ∈ H
′
and
(7) x1h1 (x2h2x3h3 − βR(h2, h3)x3h3x2h2) xh4,4, where hi ∈ H, i = 1, . . . , 4.
form a basis for the TH-space CH(R).
Remark 3. Analogously, as a corollary of Theorem 1, we conclude that the set
x1,h1x2,h2 − β(h1, h2)x2,h2x1,h1 ,
where h1, h2 ∈ H is basis for the H-graded identities of R.
Remark 4. Note that S2 = {x1} is a basis for the T -space of central polynomials
of the field K, however no set of indeterminates xih generates TH-space CH(R).
Hence as noted in [3] the relation between a basis of CG(A) and CG×H(A ⊗ R) is
not direct.
4. Basis for the Graded Identities and Central Polynomials for
Division Gradings on Simple Real Algebras
Finite dimensional simple real algebras with a division grading by a finite abelian
group G were classified in [6] and [4]. In this section we present the main result
of [4] and describe basis for the TG-ideal of graded identities and the TG-space of
graded central polynomials of these algebras.
4.1. Division Gradings on Simple Real Algebras. Next we present the ba-
sic division gradings that are the building blocks of this classification. One such
building block is the Z2-grading on the field C of complex numbers:
Γ : C = C0 ⊕ C1,
where C0 = 〈1〉 and C1 = 〈i〉. We will denote C
(2) the above grading on C. The
other building blocks are division gradings on the algebras M2(R), H and M2(C).
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4.1.1. Division gradings on M2(R). Let G = (a)2 × (b)2 ∼= Z2 × Z2. A division
grading on S =M2(R) may be obtained by means of Sylvester matrices below:
A =
(
1 0
0 −1
)
, B =
(
0 1
1 0
)
, C =
(
0 1
−1 0
)
.
We have A2 = B2 = I, AB = C = −BA, therefore a division grading by G is
obtained where the homogeneous components are
Se = 〈I〉, Sa = 〈A〉, Sb = 〈B〉, Sc = 〈C〉,
here c = ab and I is the identity matrix. This grading is regular and the center of
M2(R) is the neutral component. We denote this graded division algebra by M
(4)
2 .
The decomposition
Re = 〈I, C〉, Ra = 〈A,B, 〉
where a is the generator of the group H = (a)2 ∼= Z2, is a coarsening of M
(4)
2 which
is also a division grading on R =M2(R). This grading will be denoted by M
(2)
2 .
4.1.2. Division gradings on H. Let {1, i, j, k} be the canonical basis of the quater-
nion algebra H. The multiplication is determined by the relations
i2 = j2 = −1, ij = −ji = k.
Since H is a division algebra, any grading makes it a graded division algebra. There
is, up to weak isomorphism, two non trivial gradings on H that we describe next.
A grading by the group G = (a)2 × (b)2 is the decomposition
Re = 〈1〉, Ra = 〈i〉, Rb = 〈j〉, Rc = 〈k〉
where c = ab. This grading is regular and the neutral component is the center of
the quaternions. We denote this graded division algebra by H(4). A coarsening of
this grading is
Se = 〈1, i〉, Sa = 〈j, k〉,
this is a grading by the group H = (a)2 ∼= Z2 on S = H. This grading will be
denoted by H(2).
4.1.3. Division gradings on M2(C). Let G = (a)4 × (b)2. A division G-grading on
R =M2(C), which we denote M
(8)
2 , is obtained with homogeneous components
Re = 〈I〉, Ra = 〈ωA〉, Ra2 = 〈iI〉, Ra3 = 〈iωA〉
Rb = 〈C〉, Rab = 〈ωB〉, Ra2b = 〈iC〉, Ra3b = 〈iωB〉,
where w = 1√
2
(1 + i) is the 8-th root of 1 such that ω2 = i. A division grading on
S =M2(C) by the group H = (a)4 obtained as a coarsening of M
(8)
2 is
Se = 〈I, C〉, Sa = 〈ωA, ωB〉, Sa2 = 〈iI, iC〉, Sa3 = 〈iωA, iωB〉,
this grading will be denoted by M2(C,Z4).
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4.1.4. Pauli gradings. Now we describe the Pauli gradings on the real algebra R =
Mn(C). The algebra R is also an algebra over C. If the decomposition Γ : R =
⊕g∈GRg is a division grading by the group G for R as an algebra over C then it
is also a division grading for R over R. Such gradings are called Pauli gradings.
The division grading Γ is a regular grading for R as an algebra over C and can be
described in terms of the associated bicharacter β : G ×G→ C×. This grading is
regular for R as a real algebra if and only if the image of β lies in R×. We refer to Γ
as a non-regular Pauli grading if it is not a regular grading for R as a real algebra.
We remark that Γ is a regular Pauli grading if and only if G ∼= Z2k2 for some K.
Our study of the graded identities of graded division algebras relies on the clas-
sification of division gradings on finite dimensional simple real algebras, this clas-
sification was done in [6] and [18]. The main result of [6] is the following:
Theorem 3. Any division grading on a real simple algebra Mn(D), D a real divi-
sion algebra, is weakly isomorphic to one of the following types:
D = R: (i) (M
(4)
2 )
⊗k ∼= Cgr(k, k);
(ii) M
(2)
2 ⊗ (M
(4)
2 )
⊗(k−1), a coarsening of (i);
(iii) M
(4)
4 ⊗ (M
(4)
2 )
⊗(k−2), a coarsening of (i);
D = H: (iv) H(4) ⊗ (M
(4)
2 )
⊗k ∼= Cgr(k + 1, k − 1);
(v) H(2) ⊗ (M
(4)
2 )
⊗k, a coarsening of (iv);
(vi) H⊗ (M
(4)
2 )
⊗k, a coarsening of (v);
D = C: (vii) C(2) ⊗ (M
(4)
2 )
⊗k ∼= Cgr(k + 1, k);
(viii) C(2) ⊗M
(2)
2 ⊗ (M
(4)
2 )
⊗(k−1), a coarsening of (vii);
(ix) C(2) ⊗H⊗ (M
(4)
2 )
⊗k, a coarsening of (vii);
(x) M
(8)
2 ⊗ (M
(4)
2 )
⊗(k−1);
(xi) M2(C,Z4)⊗ (M
(4)
2 )
⊗(k−1), a coarsening of (x);
(xii) M
(8)
2 ⊗H⊗ (M
(4)
2 )
⊗(k−2), a coarsening of (x);
(xiii) Pauli gradings.
None of the gradings of different types or of the same type but with different values
of k is weakly isomorphic to the other.
4.2. Graded Identities and Central Polynomials for Division Gradings on
Simple Real Algebras. In this section we describe basis for the graded identities
and central polynomials for the algebras in Theorem 3. The gradings are either
regular, a tensor product grading of one of the building blocks presented in Section
4.1 and an algebra with a regular grading or a non-regular Pauli grading.
4.2.1. Regular Division Gradings. The algebras in Theorem 3 with a regular divi-
sion grading are (i), (iv), (vii), (x) and the regular Pauli gradings in (xiii). The
tensor product of two algebras with regular gradings has a regular grading, we have
the following remark.
Remark 5. Let A,B be algebras with regular gradings by the abelian groups G and
H, respectively. The tensor product grading on A⊗B is regular and the correspond-
ing bicharacter βA⊗B : (G×H)× (G×H)→ K× is given by
βA⊗B((g1, g2), (h1, h2)) = βA(g1, g2)βB(h1, h2),
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for g1, g2 ∈ G and h1h2 ∈ H.
If β is the bicharacter corresponding to a regular grading on R by the finite
abelian group G, generated by the finite set S = {s1, . . . , sk}, then it is determined
by the set of values β(si, sj), for 1 ≤ i < j ≤ k. Moreover each β(si, sj) is a root
of the unit and therefore equals ±1. Hence β is determined by the set of pairs
(si, sj) such that β(si, sj) = −1. One determines this pairs for the building blocks
in Section 4.1 by inspection, we then use Remark 5 to obtain the bicharacters for
the algebras (i), (iv), (vii), (x) in Theorem 3. The algebras in (i) and (iv) are
canonically graded by the group G2k = (a1)2 × (b1)2 × · · · × (ak)2 × (bk)2, and the
algebras in (vii) and (x) by the groups G2k+1 = (a0)2× (a1)2× (b1)2×· · ·× (ak)2×
(bk)2, and Hk−1 = (a1)4× (b1)2× · · · × (ak)2× (bk)2 respectively. The bicharacters
are presented in the following table:
Algebra Grading group Bicharacter
(M
(4)
2 )
⊗k, H(4) × (M (4)2 )
⊗(k−1) G2k βk(ai, bi) = −1, i = 1, . . . , k
C(2) ⊗ (M
(4)
2 )
⊗k G2k+2 γk(ai, bi) = −1, i = 1, . . . , k
M
(8)
2 × (M
(4)
2 )
⊗(k−1) H2k−1 δk(ai, bi) = −1, i = 1, . . . , k
A Pauli grading on Mn(C) by the group G is regular if and only if G ∼= Z
2k
2 and
n = 2k for some k. In this case the grading is weakly isomorphic toM2(C)
⊗k where
M2(C) has its canonical Pauli grading. This algebra can be canonically endowed
with a grading by the group (a1)2 × (b1)2 × · · · × (ak)2 × (bk)2 in such a way that
the corresponding bicharacter is βk.
Note that the bicharacters βk and δk are non-degenarate and
H ′ = {h′ ∈ H | γk(h′, h) = 1∀h ∈ H} = (a0)2.
Therefore a basis for the graded central polynomials of finite dimensional simple
real algebras with a regular division grading are obtained from Corollary 1.
4.2.2. Tensor Product Division Gradings. A basis for the graded identities and
central polynomials for the algebras in (ii), (iii), (v), (vi), (viii), (ix), (xi) and
(xii), of Theorem 3, is obtained from Theorem 1 and Theorem 2 once a suitable
basis for the central polinomials of the algebras H, H(2),M
(2)
2 and M2(C,Z4) is
known. Such a basis is known for the algebras H, H(2) and M
(2)
2 .
Theorem 4. [11] Let K be a field of characteristic zero. The standard polyno-
mial S4(x1, x2, x3, x4) and the Hall polynomial [[x1, x2]
2, x3] form a basis for the
identities of M2(K).
Theorem 5. [15] Let K be an infinite field of characteristic zero. The polynomials
[x1, x2][x3, x4] + [x3, x4][x1, x2] and x5S4(x1, x2, x3, x4) form a basis for the central
polynomials of M2(K).
Remark 6. It is well known that the algebras H and M2(R) satisfy the same
polynomial identities, hence the previous theorems provide basis for the polynomial
identities and central polynomials for H.
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It was proved in [4] that H(2) and M
(2)
2 satisfy the same graded polynomial
identities as R =M2(R) with the (a)2-grading
(8) Re =
(
R 0
0 R
)
Ra =
(
0 R
R 0
)
.
Basis for the graded identities and central polynomials for R were determined in
[9] and in [8].
Lemma 2. [9, Lemma 2] The set consisting of the polynomials x1ex2e−x2ex1e and
x1,ax2,ax3,a − x3,ax2,ax1,a is a basis for the TG′-ideal of graded identities of R with
the grading in (8).
Theorem 6. [8, Theorem 4] The set of polynomials
x21a, x1g [x2,e, x3e]x4g, x1g (x2ax3ax4a − x4ax3ax2b)x5g,
where g ∈ (a)2 generates the T(a)2-space C(a)2(R).
Remark 7. It is well known that the polynomial x21a in the theorem above may be
replaced by the multilinear polynomial x1ax2a + x2ax1a to obtain a basis of multi-
linear polynomials.
To complete our description we determine a basis for the graded identities of the
algebra M2(C,Z4). The basis is obtained using the following proposition.
Proposition 1. Let A = ⊕g∈GAg be an algebra graded by the group G and assume
that there exists an element g of the group G such that Ag contains an invertible
central element. If Q : K〈XG〉 → K〈XG/〈g〉〉 is the homomorphism such that
Q(xi,g) = xi,q(g), where q : G → G/〈g〉 is the canonical homomorphism, and S
′ is
a basis of multilinear polynomials for the TG/〈g〉-ideal IdG/〈g〉(A), with the grading
induced by q, then the set
S = {f ∈ K〈XG〉 | Q(f) ∈ S
′}
is a basis for the TG-ideal IdG(A).
Proof.
Let f(x1,g1 , . . . , xn,gn) be a multilinear polynomial. Denote by a the invertible
element in Ag. A homogeneous element of degree q(g) may be written as ba
k for
some b ∈ Ag and some integer k. Therefore any Q(f)-admissible substitution is of
the form (b1a
k1 , · · · , bna
kn), where k1, . . . , kn are integers and (b1, . . . , bn) is an f -
admissible substitution. Since a is central it is clear that Q(f)(b1a
k1 , · · · , bna
kn) =
akf(b1, . . . , bn). Hence Q(f) is a graded identity for A with the grading induced by
q if and only if f is a G-graded identity for A. Now assume that f ∈ IdG(A), we
may write
Q(f) =
n∑
i=1
gis
′
i(w
1
i , . . . , w
ki
i )hi,
where s′i ∈ S
′, g1, hi, w1i , . . . , w
ki
i ∈ K〈XG/H〉. Now let R : K〈XG/H〉 → K〈XG〉
be a homomorphism such that R(xi,q(gi)) = xi,gi for i = 1, . . . , n. Then it is clear
that R(Q(f)) = f and therefore we have
f =
n∑
i=1
R(gi)R(s
′
i)(R(w
1
i ), . . . , R(w
ki
i ))R(hi),
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and since Q(R(si)) = si it follows that R(si) ∈ S. We have proved that any
multilinear G-graded identity for A lies in the TG-ideal 〈S〉TG , generated by S.
Hence IdG(A) ⊆ 〈S〉TG . It is clear that S ⊆ IdG(A), this implies the inclusion
〈S〉TG ⊆ IdG(A). 
Remark 8. Note that if we assume, in the previous proposition, that S′ is a basis of
multilinear polynomials for the TG/〈g〉-space CG/〈g〉(A), with the induced grading,
then a simple modification of the proof yields that S is a basis for the TG-space
CG(A).
Let G = (a)4 and Γ the grading by the group G on M2(C) that corresponds
to M2(C,Z4). The algebra M2(C,Z4) has an invertible central element of degree
a2. The homogeneous components of grading on S = M2(C) induced by q are the
complex subspaces generated by I and C (neutral component) and the complex
subspace generated by A and B. It is clear that this is isomorphic as a graded
algebra to M
(2)
2 ⊗ C and therefore satisfies the same graded identities as M
(2)
2 .
Hence the previous results yield the following corollary.
Corollary 2. Let G = (a)4 and let R be the algebra M2(C) with the G-grading
weakly isomorphic to M2(C,Z4).
(i) A basis for TG(R) consists of the polynomials
x1kx2k − x2kx1kandx1hx2hx3h − x3hx2hx1h,
where k ∈ {e, a2} and h ∈ {a, a3}.
(ii) A basis for CG(R) consists of the polynomials
x21hx2h + x
2
2hx1h, x1g[x2k, x3k]x4g , x1g (x2hx3hx4h − x4hx3hx2h)x5g,
where k ∈ {e, a2}, h ∈ {a, a3} and g ∈ G.
4.3. Non-regular Pauli Gradings. Let A denote the real algebra Mn(C) with a
non-regular Pauli grading by the finite abelian group G and let βA : G × G → C
be the associated complex bicharacter. Complex division gradings on Mn(C) have
been classified and the bicharacter βA is non-degenerate (see [6]).
Remark 9. Note that f is a proper central polynomial for A if and only if f is
not a graded identity and degG (f) = e. Hence if S is a basis for IdG(A) then
{x1e} ∪ S
′ is a basis for CG(A), here S′ is the set of polynomials xigfxjh where
f ∈ S, g, h ∈ G and i, j are such that xig and xjh do not appear in f .
Given g = (g1, . . . , gn) an n-tuple of elements of G and a permutation σ in Sn
we recall that γgσ is the complex number such that
a1 · · · an = γ
g
σ · aσ(1) · · · aσ(n),
for every a1 ∈ Ag1 , . . . , an ∈ Agn . If γ
g
σ is a real number then
(I) xi1,g1 · · ·xin,gn − γ
g
σxiσ(1) ,gσ(1) · · ·xiσ(n),gσ(n) ,
is a graded identity for A for any n-tuple (i1, . . . , in) of natural numbers. If σ, τ
are permutations such that γgσ , γ
g
τ ∈ C \R are linearly independent over R then let
p, q ∈ R such that p(γgσ)
−1 + q(γgτ )
−1 + 1 = 0. The polynomial
(II) xi1,g1 · · ·xin,gn + pxiσ(1),gσ(1) · · ·xiσ(n),gσ(n) + qxiτ(1) ,gτ(1) · · ·xiτ(n),gτ(n) ,
is a graded identity for A for any n-tuple (i1, . . . , in) of natural numbers.
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Proposition 2. If a polynomial is graded identity for A then it is a linear combi-
nation of the polynomial identities in (I) and (II).
Proof. Let f be a graded identity for A. We may assume that f =
∑
σ∈Sn µσmσ,
where µσ are real scalars and
mσ = xiσ(1) ,gσ(1) · · ·xiσ(n),gσ(n) .
We denote g = (g1, . . . , gn) and assume that µid = 1. Denote s the number of non-
zero scalars µσ. The result is proved by induction on s. Since A has no monomial
identities we have s > 1. If s = 2 then f is of the form (I). If γgσ ∈ R for some
σ ∈ Sn such that λσ 6= 0 then
f −
(
xi1,g1 · · ·xin,gn − γ
g
σxiσ(1) ,gσ(1) · · ·xiσ(n),gσ(n)
)
is an identity with s− 1 or s− 2 non-zero scalars, hence the result follows from the
induction hypothesis. If γgσ ∈ C \R for every σ ∈ Sn such that λσ 6= 0 then m > 2.
Let σ, τ ∈ Sn such that µσ and µτ are not zero. If γ
g
σ and γ
g
τ are linearly dependent
over R then there exists p ∈ R such that mσ − pmτ is a graded identity for A, this
polynomial is as in (I). In this case we apply the induction hypothesis to
f − µσ (mσ − pmτ )
and the result follows. Otherwise there exists p, q ∈ R such that p(γgσ)
−1+q(γgτ )
−1+
1 = 0. The induction hypothesis applies to
f −
(
xi1,g1 · · ·xin,gn + pxiσ(1) ,gσ(1) · · ·xiσ(n),gσ(n) + qxiτ(1),gτ(1) · · ·xiτ(n),gτ(n)
)
and the result follows. 
The TG-ideal IdG(A) admits a finite basis of identities (see [1], [20]), therefore
there exists a finite basis for IdG(A) of polynomials in (I) and (II). Our goal now
is to exhibit such a finite set of identities.
Let g, h ∈ G, if βA(g, h) ∈ R then
(9) x1,gx2,h − βA(g, h)x2,hx1,g,
is a graded identity for A. If βA(g, h) ∈ C\R then let p, q ∈ R be such that βA(g, h)
is a root of z2 + pz + q. In this case
(10) x1,gx2,gx3,h + p(x1,gx3,hx2,g) + q(x3,hx1,gx2,g),
is a graded identity for A. These are just particular polynomials of types (I) and
(II).
Lemma 3. Let A be an algebra with a non-regular Pauli grading such that for
any g, h ∈ G we have βA(g, h) 6= i and let f(x1,g1 , . . . , xn,gn) be a multilinear
polynomial. If f is a graded identity for A then there exists a multilinear polynomial
f ′(x1,g′1 , . . . , xm,g′m) in IdG(A), where g
′
1, . . . , g
′
m are pairwise distinct elements of
G, such that f lies in the TG-ideal generated by f
′ together with the polynomials in
(9) and (10).
Proof. We prove the lemma by induction on the number n of indeterminates,
the case n = 1 is obvious. If g1, . . . , gn are pairwise distinct there is nothing to
prove. Otherwise there exists indexes i < j such that gi = gj , we may assume that
i = n − 1 and j = n. Let m be a monomial in f , we claim that there exists a
multilinear polynomial fm(x1,g1 , . . . , xn−2,gn−2 , xn−1,g′), where g
′ = g2n, such that
m− fm(x1,g1 , . . . , xn−2,gn−2 , (xn−1,gn−1 · xn,gn))
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lies in the TG-ideal generated by (9) and (10). Let w1, w2 and w3 be monomials
such that
(11) m = w1xn−1,gw2xn,gw3,
where g = gn−1 = gn. Denote h the degree of the monomial w2. If βA(g, h) ∈ R
then
w1xn−1,gw2xn,gw3 − βA(g, h)w1w2xn−1,gxn,gw3
is a consequence of a polynomial in (9), in this case fm = βA(g, h)w1w2xn−1,g′w3.
If βA(g, h) ∈ C \ R let p, q be the real numbers such that βA(g, h) is a root of
z2+ pz + q. Since βA(g, h) is a root of the unit different from i then it follows that
p 6= 0. In this case let
fm = λ1w1xn−1,g′w2w3 + λ2w1w2xn−1,g′w3,
where γ1 = −
1
p , γ2 = −
q
p . It is clear that
m− fm(x1,g1 , . . . , xn−2,gn−2 , (xn−1,g · xn,g))
is a consequence of (10). This proves the claim. Now write
f =
∑
i
λimi,
where mi are monomials and f̂ =
∑
i λifmi . The difference
f(x1,g1 , . . . , xn−2,gn−2 , xn−1,gn−1 , xn,gn)− f̂(x1,g1 , . . . , xn−2,gn−2 , (xn−1,gn−1 ·xn,gn))
lies in the TG-ideal generated by (9) and (10). We conclude that
f̂(x1,g1 , . . . , xn−2,gn−2 , (xn−1,gn−1 · xn,gn))
is a graded identity for A. Since A has a Pauli grading we conclude that the
multilinear polynomial f̂ is a graded identity for A. Our induction hypothesis
implies that there exists a graded identity f ′(x1,g′1 , . . . , xm,g′m), where g
′
1, . . . , g
′
m
are pairwise distinct, such that f̂ lies in the TG-ideal generated by f
′ together with
the identities in (9) and (10). Clearly f also lies in this TG-ideal. 
Theorem 7. Let A be an algebra with a non-regular Pauli grading such that
βA(g, h) 6= i for all g, h ∈ G. The set S of the polynomials in (9) and (10), to-
gether with the polynomials in (I) and (II) such that g1, . . . , gn are pairwise distinct
elements of G, is a basis for IdG(A).
Proof. Denote I the TG-ideal generated by S. Since S ⊆ IdG(A) it follows that
I ⊆ IdG(A). The reverse inclusion follows from Lemma 3 and Propositon 2. 
We now consider the case where βA(g, h) = i for some g, h ∈ G. It is clear that
in this case the polynomial
(12) x1,gx2,hx3,g − x3,gx2,hx1,g,
is a graded identity for A.
Remark 10. The polynomial in (12) is a graded identity for A even if βA(g, h) 6= i.
In this case it is a consequence of the identities (9) and (10).
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Let g, h1, h2, h3 be elements of G such that βA(g, hi) = i for i = 1, 2, 3. The
polynomial
(13) x1,gx2,h1x3,gx4,h2x5,gx6,h3x7,g + x1,gx3,gx5,gx7,gx2,h1x4,h2x6,h3
is a graded identity for A.
Lemma 4. Let A be an algebra with a non-regular Pauli grading by the group G
and let f(x1,g1 , . . . , xn,gn) be a multilinear polynomial. If f is a graded identity for
A then there exists a multilinear polynomial f ′(x1,g′1 , . . . , xm,g′m) in IdG(A), where
for each g ∈ G the number of indexes j such that g′j = g is at most 3, such that f
lies in the TG-ideal generated by f
′ together with the polynomials in (9), (10), (13)
and (12).
Proof. The proof is analogous to the proof of Lemma 3. If g1, . . . , gn are such
that for each g ∈ G the number of indexes i such that gi = g is at most 3 there
is nothing to prove. Otherwise there exists indexes i < j < k < l such that
gi = gj = gk = gl, we denote g this element. Let m be a monomial in f and wi,
i = 0, . . . 4, monomials such that
(14) m = w0xi,gw1xj,gw2xk,gw3xl,gw4.
Denote hi the degree of the monomial wi. We may assume without loss of
generality that {n, n − 1, n − 2, n − 3} = {i, j, k, l}. If βA(g, h1) 6= i we use the
identities (12) to assume that i = n− 1 and j = n, then as in the proof of Lemma
3 determine a polynomial fm(x1,g1 , . . . , xn−2,gn−2 , xn−1,g2), such that
(15) m− fm(x1,g1 , . . . , xn−2,gn−2 , (xn−1,gn−1 · xn,gn))
lies in the TG-ideal generated by (9) and (10). Analogously if βA(g, hj) 6= i for
j = 2 or j = 3 we obtain a multilinear polynomial fm(x1,g1 , . . . , xn−2,gn−2 , xn−1,g2)
such that m lies in the TG-ideal generated by fm and the polynomials in (12), (9)
and (10). Finally we assume that βA(g, hj) = i for j = 1, 2, 3, in this case let
fm(x1,g1 , . . . , xn−2,gn−2 , xn−1,g2) = −w0xn−3,gxn−2,gxn−1,g2w1w2w3w4.
It is clear that, for this polynomial, the difference in (15) lies in the TG-ideal
generated by the polynomials in (12) and (13).
Now write
f =
∑
i
λimi,
where mi are monomials and f̂ =
∑
i λifmi . The multilinear polynomial f̂ is a
graded identity for A in n − 1 indeterminates and the result follows by induction
on n. 
The proof of Theorem 7 yields mutatis mutandis (with the previous lemma in-
stead of Lemma 3) the following result:
Theorem 8. Let A be an algebra with a non-regular Pauli grading. The set S of
the polynomials in (9), (10) (13) and (12), together with the polynomials in (I) and
(II) such that for any g ∈ G the number of indexes j such that gj = g is at most 3,
is a basis for IdG(A).
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5. Basis for the Graded Identities and Central Polynomials for
Real Graded Division Algebras
In this section we consider the real graded division algebras classified in [7]. The
classification is in terms of four basic graded division algebras that we describe
next.
5.1. Basic Real Graded Division Algebras. Let G be a finite abelian group, a
2-cocycle is a map σ : G×G→ K× such that
σ(g, h)σ(gh, k) = σ(g, hk)σ(g, k).
In this case β(g, h) := σ(g, h)σ(h, g)−1 is a skew-symmetric bicharacter, conversely
every skew-symmetric bicharacter is obtained from a 2-cocycle in this way (see [19],
[2, Remark 13]). Denote CσG the (complex) twisted group algebra, that is, the
complex vector space with basis G and multiplication such that g · h := σ(g, h)gh.
This algebra with its canonical G-grading is denoted P (β), moreover this algebra
viewed as an algebra over R is denoted P (β)R.
Now let m > 1 be a natural number and ǫ ∈ {1,−1}, we denote D(m, ǫ) the
subalgebra in the complex group algebra C(g)m (of the cyclic group of order m)
generated by µg, where µm = ǫ. This is a commutative (g)m-graded division
algebra. We remark that D(2,−1) is weakly isomorphic to C(2).
Let G = (g)k × (h)l be the product of two cyclic 2-groups. Let µ, ν ∈ {1,−1},
we fix complex numbers ǫ, η such that ǫk = µ, ηl = ν and denote D(k, l;µ, ν) the
subalgebra of S = (RG⊗M2(C)) generated by u = g⊗ǫA and v = h⊗ηB. We recall
that A =
(
1 0
0 −1
)
and B =
(
1 0
0 −1
)
are the Pauli matrices introduced in
Section 4.1. The algebra S has a canonical grading where Sg = (Rg) ⊗M2(C), it
is clear that D(k, l;µ, ν) is a homogeneous subalgebra.
Let n be a natural number and ǫ ∈ {1,−1}. We denote E(ǫ, n) the subalgebra of
R(g)n ⊗M2(C) generated by u = 1⊗ C and v = g ⊗ ǫA. We recall that C = AB.
Theorem 9. [7, Theorem 9.1] Let Γ : R = ⊕g∈G be a grading of finite-dimensional
real graded division algebra R, G = SuppΓ. Then one of the following are true.
(i) If R is commutative with dim Re = 1 then Γ is equivalent to the graded
tensor product of algebras D(m; η).
(ii) If dim Re = 1 and R is not commutative, then Γ is equivalent to the
graded tensor product of several copies of D(2k, 2l;µ, ν) and several copies
of D(m; η), where m, k, l are natural numbers, m > 1 and µ, ν, η = ±1.
(iii) If dim Re = 4 then Γ is isomorphic to the graded tensor product of the
trivial grading on H, several copies of D(2k, 2l;µ, ν) and several copies of
D(m; η), where k, l, m are natural numbers m > 1 and µ, ν, η = ±1.
(iv) If dim Re = 2 and Re is not central then Γ is equivalent to the tensor
product of one copy of E(ǫ, n), several copies of D(2k, 2l;µ, ν) and several
gradings of the form D(m; η) where m, k, l are natural numbers m > 1, n
a 2-power, and ǫ, µ, ν, η = ±1.
(v) If dim Re = 2 and Re is central then Γ is isomorphic to P (β)R for a
skew-symmetric complex bicharacter β : G×G→ C×.
5.2. Basis For the Graded Identities and Central Polynomials. The alge-
bras in (i) and (ii) have regular gradings, basis for the graded identities and central
polynomials are obtained as in Section 4.2.1, the algebras in (iii) have a tensor
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product grading of H with the trivial grading and an algebra with a regular grad-
ing, in this case basis are obtained as in Section 4.2.2, the algebras in (v) that are
not regular will have basis described in Section 4.3. To determine basis for the
algebras in (iv) we need only to consider the algebras E(ǫ, 2k).
Proposition 3. Let G = (g)n be the cyclic group of order n, where n = 2
k for
some k, H = 〈g2〉 and q : G→ G/H the canonical homomorphism. If a polynomial
f in K〈XG/H〉 is multilinear then f is a graded identity (resp. graded central
polynomial) for E(ǫ, 2k), with the grading induced by q, if and only if f is a graded
identity (resp. graded central polynomial)for M2(R) with the G/H-grading weakly
isomorphic to M
(2)
2 .
Proof. The element w = g⊗ ǫI is an invertible central element. Let R = E(ǫ, 2k)
with the grading induced by q and denote G′ = {e, a} the group G/H . The set
β = {w2m(1⊗ I), w2m(1⊗ C), w2m−1(1⊗A), w2m−1(1⊗B)|m = 0, 1, . . . , 2k−1}
is a basis for R of homogeneous elements. Let f(x1g′1 , . . . , xng′n) be a multilinear
polynomial in K〈XG/H〉, this polynomial is a graded identity for R if and only if
the result of every admissible substitution by elements in β is zero. Let (a1, . . . , an)
be an admissible substitution by elements of β, then ai = w
pi(1 ⊗ bi), where bi ∈
{I, A,B,C} and pi is a natural number. In this case (b1, . . . , bn) is an admissible
substitution by elements of M2(R) with the G/H-grading weakly isomorphic to
M
(2)
2 . We have f(a1, . . . , an) = w
p(1 ⊗ f(b1, . . . , bn)), where p = p1 + · · · + pn.
Since w is an invertible central element we conclude that f is a graded identity
(resp. graded central polynomial) for R if and only if it is a graded identity (resp.
graded central polynomial) for M2(R). 
Let v = g ⊗ ǫA, the element v2 = −g2 ⊗ ǫ2I is a homogeneous invertible central
element of degree g2. Therefore the previous proposition together with Proposition
1, Lemma 2 and Theorem 6 proves the following:
Corollary 3. Let G = (g)2k and R the G-graded division algebra E(ǫ, 2
k).
(i) A basis for TG(R) consists of the polynomials
x1kx2k − x2kx1k and x1hx2hx3h − x3hx2hx1h,
where k ∈ {g2m|m = 0, 1, . . . , 2k−1} and h ∈ {g2m+1|m = 0, 1, . . . , 2k−1}.
(ii) A basis for CG(R) consists of the polynomials
x21hx2h + x
2
2hx1h, x1g′ [x2k, x3k]x4g′ and x1g′ (x2hx3hx4h − x4hx3hx2h)x5g′ ,
where k ∈ {g2m|m = 0, 1, . . . , 2k−1}, h ∈ {g2m+1|m = 0, 1, . . . , 2k−1} and
g′ ∈ G.
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